=⇒ x 2 (t) = x 1 (t) + x 2 (0) − x 1 (0)
Thus, if x 1 (0) = x 2 (0), then, x 1 (t) = x 2 (t) for all time t and it is not possible to reach a state for which x 1 = x 2 . Thus, the set of reachable states is the line in the state space passing through the origin and making an angle of 45 o with the x 1 axis as shown in the figure below.
In general, for arbitrary initial states x 1 (0) and x 2 (0), the set of reachable states is a line passing through (x 1 (0),x 2 (0)) and parallel to the line, x 1 = x 2 .
Thus, the state space has been foliated into a set of parallel lines.
Given any initial state lying on one of these lines, we can find a control input to transfer the state to any other point on the same line, but, it is impossible to transfer the state to a point lying outside this line.
This system is not controllable. Note however that though, the system is not controllable, there exist initial and final states such that a control can be found to transfer the initial state to the final state.
Controllability to (and from) the origin: Consider the sys-
The solution for this linear system is
Thus,
The righthand side of this equation is the state that would be reached at time t starting from the origin at time t 0 with input t] . Thus, the ability to go from an arbitrary initial state to an arbitrary final state is equivalent to the ability to go from the zero state to an arbitrary final state.
Complete controllability ≡ Controllability from the origin Consider a system which is controllable to the origin i.e. starting from any initial state, a control can be found to transfer the state to the origin.
Thus, controllability to the origin is equivalent to controllability from the origin.
Note that the proof depends on the fact that the transition matrix of an analog system is non-singular (φ
Thus, for an analog system, Complete controllability ≡ Controllability from the origin≡ Controllability to the origin For a discrete-time system, complete controllability is, in general, not equivalent to controllability to the origin. The above proof fails for a discrete-time system since the transition matrix of a discrete system can be singular. Consider the following second-order example.
where
. The state of this system can be transferred to the origin at time t = 1 (starting from an initial time, t = 0) using
x 2 (k) remains 0 for any k, and hence, the system is not controllable.
Thus, for a discrete-time system, controllability to the origin does not imply complete controllability.
Controllability conditions for analog systems: A system is controllable if the state can be steered arbitrarily in any direction in the state space, i.e. given any nonzero vector,λ if the projection of the state on this vector, λ.x(t) = λ T x(t) can be set arbitrarily, then, the system is controllable.
Since for analog systems, controllability from the origin is equivalent to complete controllability, the initial state can be assumed to be zero to derive conditions for controllability. Thus,
||ν(τ )|| denotes the length of the vector ν(τ ). 
Example: If
Differentiating with respect to τ ,
. . .
For this to hold for a nonzero vector λ, the matrix
must not have full rank. Hence, if Γ has full rank, the system is controllable. Note that this is only a sufficient condition and is not a necessary condition for controllability.
If the system is fixed, A, B, C and D are constant matrices and simple expressions for M 0 (τ ), M 1 (τ ), . . . , M n−1 (τ ) can be obtained.
Hence, if the matrix,
has full rank, the system is controllable. The rank of a matrix is not affected by multiplying any of its columns (or rows) by -1. Hence, the . ., to the matrix. Hence, the above test is both necessary and sufficient.
Example:ẋ
This system was, in an earlier example, proved to be not controllable.
For this system,
Γ is singular and hence, this system is not controllable. 
A matrix is positive (semi)def inite if its associated quadratic form is (nonnegative)positive.
